× -valued Łukasiewicz algebras with negation were introduced and investigated in [20, 22, 23] . These algebras constitute a non trivial generalization of -valued Łukasiewicz-Moisil algebras and in what follows, we shall call them × -valued Łukasiewicz-Moisil algebras (or LM × -algebras). In this paper, the study of this new class of algebras is continued. More precisely, a topological duality for these algebras is described and a characterization of LM × -congruences in terms of special subsets of the associated space is shown. Besides, it is determined which of these subsets correspond to principal congruences. In addition, it is proved that the variety of LM × -algebras is a discriminator variety and as a consequence, certain properties of the congruences are obtained. Finally, the number of congruences of a finite LM × -algebra is computed.
Introduction
It is well-known that, in 1920, J. Łukasiewicz ([13] ) introduced many-valued logics by defining a 3-valued propositional calculus. Later, this author considered propositional calculi with finitely many, and even countably many truth-values (see [25, Chapter IV] ). It is worth mentioning that at the same time E. Post ([16] ) also studied propositional calculi with finitely many truth-values, different from those given by Łukasiewicz. In 1940, Gr. C. Moisil introduced 3-valued Łukasiewicz algebras with the purpose to obtain the algebraic counterpart of the corresponding Łukasiewicz logic. A year later, he generalized these algebras by defining -valued Łukasiewicz algebras ( [14] ) and he studied them from the algebraic point of view. However, A. Rose, in a Seminar developed in Bahía Blanca, observed that these algebras are not the algebraic counterparts of -valued Łukasiewicz propositional calculi for ≥ 5. Hence, in the literature, these algebras were called by R. Cignoli, -valued Moisil algebras and nowadays, they are called -valued Łukasiewicz-Moisil algebras. R. Grigolia in [11] , proved that MV algebras are the adequate algebraic counterparts of -valued Łukasiewicz logics. On the other hand, R. Cignoli in [6] , introduced proper -valued Łukasiewicz algebras and he proved that they were also the algebraic counterparts of -valued Łukasiewicz logics. Furthermore, A. Iorgulescu in [12] , showed that MV algebras coincide with proper -valued Łukasiewicz algebras.
For a general account of the origins of Łukasiewicz many-valued logics and Łukasiewicz algebras we refer the reader to [2, 5, 7, 8, 14, 15] . In 1975, in order to generalize -valued Łukasiewicz algebras without negation (see [15] ), W. Suchoń in [24] introduced and investigated matrix Łukasiewicz algebras. This author did not follow the study of these algebras and his most relevant result is a functional representation theorem. On the other hand, in [20] we introduced × -valued Łukasiewicz algebras with negation which are both a particular case of matrix Łukasiewicz algebras and a generalization of -valued Łukasiewicz-Moisil algebras. This new class of algebras was investigated in [22] and [23] . In particular, in [23] we provided an important example which legitimated the study of these algebras. From now on, following the terminology established in [2] , we shall call these algebras × -valued Łukasiewicz-Moisil algebras.
The paper is organized as follows. In Section 1 we briefly summarize the main definitions and results needed throughout this article. In Section 2 we describe a topological duality for × -valued Łukasiewicz-Moisil algebras and we characterize the congruences on these algebras by means of special subsets of the associated space. In particular, we determine which of these subsets correspond to principal congruences. In Section 3 we prove that the variety of × -valued Łukasiewicz-Moisil algebras is a discriminator variety and, as a consequence, we obtain certain properties of the congruences. Finally, we compute the number of congruences of finite algebras.
Some of the results included in this paper are part of the author's Doctoral Thesis ( [21] ).
Preliminaries
We refer the reader to the bibliography listed here as [1, 4] for specific details of several basic notions and results of universal algebra, including distributive lattices considered in this paper. Even though the theory of Priestley spaces and its relation to bounded distributive lattices is well known (see [17] , [18] and [19] ), we shall recall some definitions and results with the purpose of fixing the notation used in this paper.
Recall that a Priestley space (or a P-space) is a compact totally disconnected ordered topological space. If X is a P-space and D(X ) is the family of increasing, closed and open subsets of X , then D(X ) ∩ ∪ ∅ X is a bounded distributive lattice. On the other hand, let L be a bounded distributive lattice and X (L) be the set of all prime filters of L. Then X (L) ordered by set inclusion and with the topology having as a subbasis the sets
∈ U} is a homeomorphism and an order isomorphism. If we denote by the category of bounded distributive lattices and their corresponding homomorphisms and by the category of P-spaces and the continuous increasing mappings (or P-functions), then there exists a duality between both categories by defining the contravariant functors Ψ : → and Φ : → as follows:
(P1) For each P-space X , Ψ(X ) = D(X ) and for every P-function :
On the other hand, H. Priestley ([17-19] ) proved that if L is a bounded distributive lattice and Y is a closed subset of X (L), then In what follows and where no confusion might arise, we shall denote these algebras by (L ∼). In [9] , W. Cornish and P. Fowler extended Priestley duality to De Morgan algebras considering the De Morgan spaces (or -spaces) as pairs (X ), where X is a P-space and is an involutive homeomorphism of X and an anti-isomorphism at the same time. They also defined the -functions from an -space (X 1 1 ) into another one (X 2 2 ) as P-functions which verify the additional condition • 1 = 2 • . In order to extend Priestley duality to the case of M-algebras, these authors defined the unary operation ∼ in D(X ) by
Then the category of -spaces and -functions is naturally equivalent to the dual of the category of M-algebras and their corresponding homomorphisms, where the isomorphisms σ L and ε X are the corresponding natural equivalences. Besides, taking into account the mapping indicated in (P3), these authors proved that (P6) the lattice of all involutive closed subsets of X (L) is isomorphic to the dual of the lattice of all congruences on the M-algebra 
Priestley duality for LM -algebras was described (even for a more general case) in [2, Chapter 6].
On the other hand, in [23] , × -valued Łukasiewicz-Moisil algebras (LM × -algebras, for short), and
is a family of unary operations on L verifying the following conditions:
This class of algebras will be denoted by LM × . An algebra from this class will usually be denoted by L or (L ∼ {σ } ( )∈( × ) ), in case we need to specify the unary operators. The following results for LM × -algebras will be used throughout the paper.
(LM2) Every LM ×2 -algebra (LM 2× -algebra) is isomorphic to an LM -algebra (LM -algebra). It is worth mentioning that LM × -algebras constitute a non trivial generalization of the latter (see [23, Remark 2 
.1]).
(LM3) Let + be the unary operation on L defined by (LM6) Let L be an LM × -algebra with more than one element and let C LM × (L) be the lattice of all congruences on L. Then (LM7) Let ∈ L and θ( ) be the principal congruence on L generated by ( ). Then θ( : X → X is a P-function,
We shall denote by × the category of × -spaces and × -functions and by × the category of LM × -algebras and their corresponding homomorphisms.
Proposition 2.1.
where ∼ is the unary operation defined in (P4) and for each
Proof. By virtue of (E1), we have that (D(X ) ∼) is an M-algebra. On the other hand, from (E3), (E4), (E5) and (E8) of Definition 2.1 we obtain that conditions (C1), (C3), (C5) and (C6) hold. Therefore, it remains to prove (C2) and (C4) only.
(C2): From (E6) we have that for all U ∈ D(X ),
(C4): From (E7) and (E6) it results that for all U ∈ D(X ),
where L is defined in (P5) and for each
Proof. We shall only prove that (E2), (E6), (E7) and (E8) hold. (σ L ( )) = σ L (σ ( )) holds. Indeed, the following conditions are equivalent:
Further, it is simple to verify that for every ( 
, then from (C2) and (C4) we have that
By (1), we have that σ L (σ ( )) = σ L (σ ( )). Therefore, σ ( ) = σ ( ) for all ( ) ∈ ( × ). From this assertion, (C6) and (2), we conclude U = V .
From Propositions 2.1 and 2.2, using the usual procedures, we conclude Theorem 2.1.
Theorem 2.1.
The category × is naturally equivalent to the dual of the category × .
Remark 2.1.
Theorem 2.1 and (LM2) provide in the particular case = 2, a topological duality for LM -algebras which is essentially equivalent to the ones given in [2, pp. 341-348] and [10] .
Taking into account the topological duality described above, we shall characterize the lattice of all LM × -congruences. For this purpose, we introduce the following definition.
Definition 2.2.
Let X be an
We shall denote by C IS (X ) the family of all closed, involutive and semimodal subsets of X .
Proposition 2.3.

Let L ∈ LM × and Y ∈ C IS (lm × (L)). Then Θ (Y ) = Θ(Y ) is an LM × -congruence, where Θ(Y ) is defined as in (P3).
Proof. Let ( ) ∈ Θ (Y ). Since Y is semimodal, we have that
and this, by the results indicated in [9] , completes the proof.
Lemma 2.1.
Let L ∈ LM × , γ ∈ C LM × (L) and P ∈ X (L) such that [1] γ ⊆ P. Then (i) ∈ [1] γ implies ∼ / ∈ P, (ii) [1] γ ⊆ L (P).
Proof. (i): From the hypothesis, σ
11 ( ) ∈ [1] γ and so,
Suppose that ∼ ∈ P. Taking into account that ≤ σ ( −1)( −1) ( ) holds for each ∈ L, we have that σ ( −1)( −1) (∼ ) ∈ P. Then from (C4), ∼ σ 11 ( ) ∈ P; hence by (3) and (C2) we infer that P = L, which is a contradiction. Therefore, ∼ / ∈ P.
(ii): It is a direct consequence of (i).
Remark 2.2.
It is well-known that for every distributive lattice L and for each proper filter F of L, the relation
On the other hand, Priestley duality for distributive lattices allows us to describe these congruences as S(F ) = Θ(α(F )) where
From the last assertion and (4) it follows that ∈ P, which is a contradiction. Therefore, (5) we infer that Y is a closed subset of X (L). On the other hand, taking into account (ii) from Lemma 2.1, it is easy to verify that Y is involutive. Finally, Y is semimodal. Indeed, let ( ) ∈ ( × ) and P ∈ (Y ). Then, there is Q ∈ Y such that P = (Q), from which we have that
(ii): This follows from Remark 2.2 and (LM6).
Theorem 2.2.
Let L ∈ LM × . Then the lattice C IS (lm × (L)) is isomorphic to the dual lattice C LM × (L).
Proof. It is a direct consequence of (P6) and Propositions 2.3 and 2.4.
Our next purpose is to determine the elements of C IS (lm × (L)) corresponding to the principal congruences on L. Since θ( ) = θ( ∧ ∨ ), there is no loss of generality in assuming that ≤ .
Lemma 2.2.
Let L ∈ LM × and let
Proof. From the assumptions and (C1), (C2), we infer that ∼ σ ( ) ∨ σ ( ) = 1 for all ( ) ∈ ( × ), from which it
Since σ L is a homomorphism and taking into account (E6), we have that
Theorem 2.3.
Let L ∈ LM × and let ∈ L be such that ≤ . Then the following conditions are equivalent:
Proof. We shall only prove (i)⇒(ii). Let
Then from Lemma 2.
, from which by (E5) we deduce that (P) / ∈
(σ L ( + )) and so, by (6), we infer that
Then there exists Q ∈ σ L ( + ) (8) such that P = L (Q). From the last assertion and (E6) we obtain that
Besides, from (8) and Lemma 2.2 it follows that
Hence, by (9), we conclude
Finally, from (LM7) and taking into account that σ L is one-to-one, we conclude that Θ (σ L ( + )) = θ( ).
Remark 2.3.
In the particular case of LM -algebras, Theorem 2.3 and Remark 2.1 allow us to determine the semimodal, involutive and closed subsets of the space associated with them which correspond to principal congruences.
The discriminator variety LM ×
Next, we shall prove that LM × is a discriminator variety. To this end, recall that the ternary discriminator function on a set X is defined by the conditions:
A variety is a discriminator variety, if it has a polynomial that coincides with the ternary discriminator function on each subdirectly irreducible member of ; such a polynomial is called a ternary discriminator polynomial for ( [26] ).
On the other hand, let A be an algebra and C (A) be the lattice of all congruences on A. Then Proof. Let (
. From (T1) we have that ( ) = . If = , then taking into account (T1) we infer that + = 1 from which by virtue of (T6) and (LM8) we conclude that + = 0. Hence, ( ) = .
Remark 3.1.
In case where = 2, Theorem 3.1 provides a different proof, from that indicated in [3] , that the variety of -valued Łukasiewicz-Moisil algebras is a discriminator variety. Theorem 3.1 and the results given in [26] allow us to obtain certain properties of the congruences, some of them were established in [22] by a different way. More precisely:
Corollary 3.1.
(i) LM × is arithmetic.
(ii) Every principal congruence on L ∈ LM × is a factor congruence. Proof. If we restrict the application indicated in (ii) of (LM6) to the set 
